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bstract
In this paper our attempt is to investigate the class number problem of imaginary quadratic fields. We establish that the class√
umber of imaginary quadratic field Q( −q), for certain positive integer q, is a multiple of 3. We also show that there are infinitely
any imaginary quadratic fields whose class numbers are multiples of 3.
 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
The class number problem of quadratic fields is one
f the most intriguing unsolved problems in Number
heory and it has been the object of attention for many
ears of researchers. Ankeny et al. [1,2], Byeon et al.
3], Chakraborty et al. [4], Hartung [5], Kishi et al.
6], Nagel [7], Soundararajan [8], Weinberger [9] and
u [10] studied the class number problem of quadratic
elds and established many results. It was proved by
agel [7] that there are infinitely many quadratic num-
er fields each with class number divisible by a given
nteger. Weinberger [9] showed that for all positive inte-
ers n, there are infinitely many real quadratic fields with∗ Corresponding author. Tel.: +91 9864631853.
E-mail address: ahoque.ms@gmail.com (A. Hoque).
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658-3655 © 2015 The Authors. Production and hosting by Elsevier B.V. on 
C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).ntal unit
class numbers divisible by n. Ankeny et al. [2] proved
that there exist infinitely many imaginary quadratic fields
each with class numbers divisible by g, where g  is any
given rational integer. We also provide an alternative
proof of this result for g = 3 in the present paper. Some
useful equations for the calculation of class number of
quadratic fields can be found in [11]. Konstantinou et al.
[12] used imaginary quadratic fields in the construction
of class polynomials.
In this paper we investigate the class number problem
of the imaginary quadratic fields Q(√−q), for certain
positive integer q. With the help of the polynomial
f (x) =  x3 −  ax  +  b ∈ Z[x], we establish that there are
infinitely many imaginary quadratic fields whose class
numbers are multiple of 3.
2.  Mathematical  preliminariesbehalf of Taibah University. This is an open access article under the
In this section, we mention some important results
that are needed in the present work. Let d  be a square-free
positive integer. By h(d) and H(−  d) respectively denote
the class numbers of the real quadratic field Q(√d) and
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the imaginary quadratic field Q(√−d). Denote by d =
t+u√d
2 >  1, the fundamental unit of the real quadratic
field Q(√d). Artin, Ankeny and Chowla [1] proved that
if d  = 3q  and q  is a square-free positive integer≡1(mod
3), then
H(−q) ≡  −u
t
h(d)(mod 3) (1)
Lemma  2.1  (Theorem 1 in p. 220 of [13]). Let  k be  an
algebraic number  ﬁeld  of  ﬁnite  degree.  Let  a  and  b be
the integers  of  k.  K  denotes  the  minimal  splitting  ﬁeld  of
the polynomial  f(X) = Xn −  aX  + b,  that  is,  K  = k(α1, α2,
. . ., αn),  where  α1, α2, . . ., αn) are  the  roots  of  f(X) = 0.
Let D  =
∏
i<j
(αi −  αj)2 be  the  discriminant  of  f(X).  If
(n −  1)a  and  nb  are  relatively  prime,  then  K  is  unramiﬁed
over k(√D)
Lemma  2.2  (Proposition in p. 222 of [13]). Here  D  is  the
discriminant of the  above  polynomial  f(X).  If  n  is  a  prime
and f(X) is  irreducible  over  Q, the  Galois  group  of  K
over Q is  a symmetric  group  Sn.  Then  K  is  an  unramiﬁed
extension  of  Q(√D) with  Galois  group  An.
3.  Main  results
We now present our main results.
Theorem 3.1.  If  q  = 3mp2n + r  is  square-free,  where  p  is
an odd  prime,  r  is  either  4  or  −2,  m  > 1 is  an  odd  integer
and n is  a positive  integer,  then  the  class  number  of  the
imaginary quadratic  ﬁeld  Q(√−q) is  a multiple  of  3.
Proof. For r = 4 and r  = −2, q = 3mp2n + r  ≡  1(mod  3).
Since p is an odd prime and n  is a positive integer,
p2n ≡  1(mod 4)
Let d = 3q  = 3m+1p2n + 3r, then the following two
cases arise:
Case I: r  = 4
Since m  > 1 is an odd integer, d  ≡  1(mod  4). Thus d  is
the discriminant of the real quadratic field Q(√d).
It is observed that
(3mp2n +  2)2 −  3(3mp2n +  4)(3m−12 pn)2 =  4
So that
d = (3
mp2n +  2) +  (3m−12 pn)
√
3(3mp2n +  4)
2
(2)
√
is a unit of the real quadratic field Q( d).
The smallest solution of the equation
t2 −  3(3mp2n +  4)u2 =  4iversity for Science 9 (2015) 399–402
is given by t = 3mp2n + 2 as t ≡  ±2(mod  q). Therefore d
in (2) is the fundamental unit of Q(√d), and the value
of u in d is given by u  =  3m−12 pn. Thus from (1) and
u ≡  0(mod3), we see that H(−  q) ≡ 0(mod  3).
Case-II: r  = −2
Since m  > 1 is an odd integer, d ≡  3(mod  4) and thus
4d is the discriminant of the real quadratic field Q(√d).
It is observed that
(3mp2n −  1)2 −  3(3mp2n −  2)(3m−12 pn)2 =  1
So that
d =  (3mp2n −  1) +  (3m−12 pn)
√
3(3mp2n −  2) (3)
is a unit of the real quadratic field Q(√d).
The smallest solution of the equation
t2 −  3(3mp2n −  2)u2 =  1
is given by t = 3mp2n −  1 as t ≡  ±1(mod  q). Therefore d
in (3) is the fundamental unit of Q(√d) and the value
of u  in d is given by u  =  3m−12 pn. Thus using (1) and
u ≡  0(mod3), we see that H(−  q) ≡ 0(mod  3).
Example: Let m  = 3, n  = 1, p  = 5, r  = 4, then q  = 679
and H(−  q) = 18. Also, let m  = 3, n = 1, p  = 5, r = −2 then
q = 673 and H(−  q) = 12.
Theorem 3.2.  If  q  = 3(2m+1)p2ms2n + 4 is  square-free,
where p  is  an  odd  prime,  s is  an  integer,  m  is  a  positive
integer and  n  is  a non-negative  integer,  then  the  class
number of the  imaginary  quadratic  ﬁeld  Q(√−q) is a
multiple of  3  if  and  only  if  s  is  an  odd  integer.
Proof  . Here, q  = 3(3p)2ms2n + 4 is a square free integer
≡1(mod  3).
Since p  is an odd prime and m  is a positive integer,
p2n ≡  1(mod 4)
Let us set d  = 3q, then
d  =  9(3p)2ms2n +  12 ⇒  d  ≡  s2n(mod4)
⇒ (d  ≡  1(mod4) ⇔  s ≡  ±1(mod 4))
Therefore, d  ≡  1(mod  4) if and only if s is an odd
integer.
Now d ≡ 1(mod  4) gives d is the discriminant of the
real quadratic field Q(√d) and hence its fundamental
unit is
d = t +  u
√
d
2
(4)
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here t and u  are obtained as the smallest solution from
he Pell’s equation (5).
2 −  du2 =  4 (5)
Clearly, t = 3(3p)2ms2n + 2 and u  = (3p)msn is a solu-
ion of Eq. (5).
Since t ≡  ±2(mod  q) is the smallest solution of
q. (5), therefore the values of t and u in (4)
re given by t = 3(3p)2ms2n + 2 and u  = (3p)msn. Thus
rom (1) and u  = (3p)msn ≡  0(mod  3), we see that
(− q) ≡  0(mod  3). Hence 3|H(−  q) and consequently
|H(−  (3(3p)2ms2n + 4)) if and only if s  is an odd integer.
Example: Let m  = 1, n  = 1, p  = 3, s  = 2 then q = 16.61
nd thus Q(√−q) =  Q(√−61) and so H(−  q) = 6.
heorem 3.3.  Let  E(m) =  Q(
√
−(4m3 +  27)) for  m  ∈
, m  > 0 and  m  /≡  0(mod  3).  The  class  number  of  the
maginary  quadratic  ﬁeld  E(m) is  a  multiple  of  3.
Proof . Let K  be the minimal splitting field over the
ational number field Q of the polynomial x3 + mx  −  1,
 ∈  Z, m > 0. This is irreducible and its discriminant is
iven by −(4m3 + 27).
The irreducibility of this polynomial implies the
alois group of K/Q is S3, the symmetric of letters and
hus the Galois group of K/E(m) is the cyclic group of
rder 3. Also, m  /≡  0(mod  3) gives (2m, 3) = 1. Thus
y Proposition 1 in [14] K  over E(m) is unramified.
herefore K  over E(m) is cyclic unramified extension.
hus the class number of E(m) is a multiple of 3.
xample: The class number of E(1) =  Q(√−31) and
(5) =  Q(√−527) are respectively 3 and 18.
Note that by proposition [p. 101 of [15]] the class
umber of the quadratic field Q(
√
4m3 −  27n2) is divis-
ble by 3 if (m, 3n) = 1 and m  cannot be expressed in the
orm n+k3
k
with k  ∈  Z. We have observed that Theorem
.3 agree with this result whenever m  < 0 and n  = 1.
heorem 3.4.  Let  L(p) =  Q(
√
4 −  27p2),  p  being
 prime.  The  class  number  of  the  imaginary  quadratic
eld L(p) is  a  multiple  of  3.
Proof . Consider the polynomial
(x) =  x3 −  x  +  p
 being a prime number.
If g(x) is reducible then g(x) can be expressed as
(x) = r(x)s(x), for some r(x),  s(x) ∈ Z[x].
Since p is prime, the constant term of r(x) or s(x)
s ±1. Thus r(x) (respectively s(x)) must have at least
ne root α  satisfying |α|  ≤  1. Therefore, g(α) = 0 gives
 < |α|3 + |α|  ≤  2. This is a contradiction.
Thus g(x) is irreducible over Q and so the Galois
roup of K  over Q is S3. Thus by Lemma 2.2, K  overiversity for Science 9 (2015) 399–402 401
L(p) is unramified with Galois group A3. Therefore K
over L(p) is unramified abelian extension and thus the
class number of the imaginary quadratic field L(p) is a
multiple of 3.
Example: The following examples verify the above
theorem.
L(2) =  Q(√−104) =  Q(√−26),  L(3) =  Q(√−239),
L(5) =  Q(√−671),  L(7) =  Q(√−1319),
L(11) =  Q(√−3248),  L(31) =  Q(√−25943)
The class numbers of L(2), L(3), L(5), L(7), L(11) and
L(31) are respectively 6, 15, 30, 45, 48 and 111.
Theorem 3.5.  There  are  inﬁnitely  many  imaginary
quadratic  ﬁelds  whose  class  numbers  are  multiples  of
3.
We consider the trinomial of the form
f  (x) =  x3 −  ax  +  b (a,  b  ∈ Z) (6)
Set a  = t2 −  9t, b  = t3 −  2t2 −  54, where t ∈  Z satisfying
t  ≡  4(mod 21) and  t  /≡  9(mod 19) (7)
The discriminant of f(x) is given by
D(f  ) =  4a3 −  27b2 = −23t6 +  2533t4 −  2336t2 −  223
Obviously, D(f) < 0 for all t  satisfying (7)
Proposition  3.6.  The  class  number  of  the  imaginary
quadratic ﬁeld  Q(√D(f  )) is  a multiple  of  3.
Proof . Let K  be the minimal splitting field of f(x) over
the field of rational number Q and G  be the Galois group
of K  over Q.
Now t ≡  4(mod  21) gives
t  ≡  1(mod 3)
a  ≡  1(mod 3)
b  ≡  2(mod 3)
Also,
(2a,  3b) =  (2t(t  −  9),  3(t3 −  2t2 −  54))
= (t  −  9,  t3 −  2t2 −  54) =  (t  −  9,  3319) =  1
Thus by Lemma 2.1, K  over Q(√D(f  )) is an unram-
ified extension. Moreover, for every t satisfying the
condition (7), we get
f  (x) ≡  x3 −  x  +  2 (mod 3)
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Obviously the trinomial in the right side is irreducible
(mod 3). Therefore f(x) is irreducible over Q and hence
G is a symmetric group of three letters. Thus K  over
Q(√D(f  )) is an unramified abelian extension, and so
the class number of Q(√D(f  )) is a multiple of 3.
The completes the proof of Proposition 3.6.
It is easy to see that there are infinitely many inte-
gers t satisfying the condition (7). Suppose t0 be one
of such value of t  that gives the same fields more than
once. Let −23t60 +  2533t40 −  2336t20 −  2239 =  db2 for
some integer b and squarefree negative integer d. Thus
if Q(
√
db2) =  Q(√D(f  )), then there exists an integer c
such that db2c2 = −23t6 + 2533t4 −  2336t2 −  2239. Thus
(t, bc) is an integral solution of the Diophantine equation
dY2 =  −23X6 +  2533X4 −  2336X2 −  2239
By Siegel’s theorem, this equation has only finite
numbers of integral solutions. Thus by Proposition 3.6,
we complete the proof of Theorem 3.5.
Example: Let t = 4, then D(f) = −45068 = −2211267.
Thus Q(D(f  )) =  Q(−11267). By calculating we see
that its class number is 24.
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